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O 

Abstract. Inspired by a result in [Ga], we locate three integer forms of F q [SL(n + 1)] over 
C , k[q, Q 1 ] , with a presentation by generators and relations, which for q = 1 specialize to U(f)), 

where f) is the Lie bialgebra of the Poisson Lie group dual to SL(n + 1). In sight of this we 
prove two PBW-like theorems for F q [SL(n + 1)], both related to the classical PBW theorem 



> 



O 

Q\ ■ Introduction 



''Nel mezzo a una q-algebra di funzioni 
io ci ritrovo una tal forma intera 
che V algebra di Lie dual mi doni" 

N. Barbecue, "Scholia" 



cr. 

> 

•i-H 

Let G be a connected, simply connected, semisimple algebraic group over an alge- 
braically closed field k of characteristic zero, and consider on it the Sklyanin-Drinfel'd 
structure of Poisson group (cf. for instance [DP] §11 or [Ga] §1, or even [Dr]); then 
:= Lie(G) is a Lie bialgebra, F[G] is a Poisson Hopf algebra, and U(g) is a Poisson 
Hopf coalgebra. Let H be the corresponding dual Poisson (algebraic) group of G, whose 
tangent Lie bialgebra f) := Lie(H) is the (linear) dual of g : then again F[H] is a Poisson 
Hopf algebra, and U(i)) is a Poisson Hopf coalgebra. 

The quantum group U®(q) of Drinfel'd and Jimbo provides a quantization of U(g): 
namely, U®(q) is a Hopf algebra over k(q) which has a k [q, g -1 ]-form it Q (g) which for 
q — > 1 specializes to U(q) as a Poisson Hopf coalgebra. Dually, by means of a Peter- Weyl 
type axiomatic trick one constructs a Hopf algebra F^[G] of matrix coefficients of U®(q) 
with a k [q, g _1 ]-form # P [G] which specializes to F[G], as a Poisson Hopf algebra, for 
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q — > 1 . So far the quantization only dealt with the Poisson group G ; the dual group H 
is involved defining a different k[q, g _1 ]-form U F '(g) (of a quantum group U q (g)) which 
specializes to F[H] (as a Poisson Hopf algebra) for q — > 1 (cf. [DP] or [DKP]). In a dual 
fashion, it is proved in [Ga] - in a wider context — that the dual (in the Hopf sense) 
quantum function algebra F®[G] has a k [q, -integer form JF Q [G] which for g — > 1 
specializes to i/(f)), as a Poisson Hopf coalgebra. Therefore quantum function algebras can 
also be thought of as quantum enveloping algebras, whence the title of the paper. 
In this paper we stick to the case of the group G = SL(n + 1). 

Our first goal is to relate the latter result above with the well-known presentation of 
Fq[SL(n + 1)] by generators and relations (cf. [FRT]): namely, inspired by the definition of 

T Q [G\ and F P [G], we define two k[q, -integer forms F®[SL(n + l)] and F q p [SL(n + 1)] 
(along with a third one, F q [SL(n + 1)]) of F p [SL(n + 1)]; these inherit a presentation 
by generators and relations, which enables us to prove that they specialize to U(\)) (as a 
Poisson Hopf coalgebra) for q — > 1. As a second step, since for U(\)) one has the Poincare- 
Birkhof-Witt (PBW in short) theorem which provides "monomial" basis, because of the 
previous result we are led to look for PBW-like theorems for F q [SL(n + 1)]: we provide 
two of them, both closely related with the classical PBW theorem for J7(h). 

The paper is organized as follows. Sections 1, 2 are introductory. Sections 3, 4 are 
devoted to integer forms of F p [SL(n+l)] and their specialization. Section 5 is an excursus, 
where we explain the relation among the constructions and results in this paper and those 
in [Ga]: this is one of the main motivation of this work; on the other hand, this section 
can be skipped without affecting the comprehension of the rest of the paper, which is 
completely self-contained. In section 6 we briefly outline the extension of the previous 
results to the quantum function algebra F q [GL(n + l)]. Finally, section 7 deals with PBW 
theorems. 



§ 1 The universal enveloping algebra U(t)) 

A presentation of U(f)) by generators and relations (in the general case) can be found 
in [Ga], §1. When G = SL(n + 1) , it reads as follows. 

U(\}) is the associative /c-algebra with 1 generated by fi, . . . , f n , hi, ... , h n , ei, . . . , e n 
(which are to be thought of as " Chevalley generators" ) with relations 

\h.j - hjhj = Wi,j 
hifj - fjhi = (2 Sij - Si-ij - S i+ ij) fj V i,j 

hiej - ejhi = (2 Sij - ^-i,j - Si+i,j) ej V i,j 

iiij - {jfi = V i, j : \i - j\ > 1 

e^ej - e^-ei = V i, j : \i - j\ > 1 

f?f j -2f i i j fi + f j fi=0 V\i-j\ = l 

efej — 2 eiejei + e^ef = V \i — j\ = 1 

Uej - ejfi = Wi,j 
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Furthermore [7(h) has a Poisson Hopf coalgebra structure given by 

A(fi) = U <g> 1 + 1 <g> fi , S&) = -f< , e(fi) = 
A(hi) = ^ <g> 1 + 1 <g> h, , S(hi) = , e(hi) = 
A(ej) = e t <g> 1 + 1 <g> e^ , S^) = -e< , e(e;) = 

for all z = 1 , . . . , n , and by 
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for all i = 1, . . . , n , where x Ay := x <g> y — y ® x and the symbols ih,k , ^h,k , have the 
following meaning: 

'■= 6i , e^j := — [e^j-i, ej_ij] = [e^-ij, e^j-i] Vi < j — 1 (11) 

f J + l,J := f i ' := fj,j-l] = - [fy,j-l> fj-l,i] V j > 2 + 1 

the symbol [ , ] denoting the usual commutator. In fact, if Mij e {l,2,...,n + l}) 
denotes the square matrix of size n + 1 with a 1 as (i, j)-th entry and all other entries 
equal to 0, the recipe e^ h- > M/j^iV/i = l,...,n (resp. f/j i— > M/j+^/j V/i = l,...,n) 
gives an isomorphism among the Lie subalgebra of f) generated by the e^'s (resp. f^'s) and 
the Lie algebra n+ (resp. n+ ) of upper (resp. lower) triangular square matrix of size n + 1; 
then for h < k the element e^fc corresponds to the matrix (— l) fc h 1 Mh,k ? an d it is the 
root vector e 7 — in the notation of [Ga] - - associated to the positive root 7 = YliZh a * 
(the oii's being the simple roots of SL(n+ 1)), and for h > k the element ih,k corresponds 
to the matrix (— l) fc h 1 M/ l / c , and it is the root vector f 7 — in the notation of [Ga] 

associated to the negative root —7 = — Yli=k ai > nence corresponding to Mh,k- Actually, 
one can also make different choices for such root vectors, but for the condition that when 
one of them — say e 7 — is multiplied by a scalar c £ k \ {0} then the opposite one - 
f 7 in our case — is multiplied by the inverse scalar c _1 ; hence the right- hand-side part in 
the above formulae expressing 5 does not change. 



§ 2 The quantum function algebra F^[SL(n + 1)] 

Let U®(sl(n + 1)) be the quantized universal enveloping algebra of Drifel'd and Jimbo 
(cf. [Ji] or [DL], or §5.2 later on). Let F£[SL(n + l)] be its restricted dual Hopf algebra: it 
is known (cf. [APW], Appendix) that F£[SL(n+ 1)] has the following presentation: it is 
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the unital associative /c((/)-algebra generated by {pij \ i,j = 1, . . . , n + 1} with relations 

PijPik = q PikPij , PikPhk = qphkPik Vj<k,i<h 
PuPjk = PjkPu , PikPjl ~ PjiPik = (q - q~ X ) PuPjk Vi < j,k <l 

detq(pij) = 1 

where det q denotes the so-called quantum determinant, defined as 

detq(pij) := ^ (-q) l{a) Pl,c7(l)P2,a(2)---Pn+l,a(n+l)- 

The comultiplication A, the counit e, and the antipode S are given by 

n 

A (Pij) = ^Pik® Pkj 
k=l 

e(pij) = $ij 



S(Pij) = (-q) J l det q {{phkt^ 





= 1,.. 


.,71+ 1 




= 1,.. 


.,71+1 


Vi, j 


= !,-• 


.,71+1 



§ 3 The integer forms F^[SL(n + 1)] and F^[SL{n + 1)] 

Definition 3.1. We define F®[SL(n + 1)] to be the k [q, g _1 ]-subalgebra (with 1) of 
F^[SL(n + 1)] generated by the elements 

Pii — Pi+l,i+l / -l\Sij-l w- • i ii 

<Pi ■■= -^—^ , rij:=(q-q ) Vz, j = 1, . . . , n + 1. 

3.2 Presentation of F^SX^ + l)]. The presentation of F q p [SL(n+ 1)] above induces 

a similar presentation of -F^[S'L(n + l)]: it is the associative k[q, -algebra with 1 given 
by generators <pi , , and relations 

rynfe = qrikTij , r^r/^ = qr hk r ik V j < k,i < h 

rur jk = r jk ru , r ik r j i-r j ir ik ={q-q ) rur jk \/Kj,k<l 

det q (rij) = 1 

(where det g is defined as 

de^ ((x„) riS=li >iV ) := (~<l) l{a) (<l-<l~ 1 ) eia)x i,v(i) x 2,v(2)--- x N,*(N) 

where e(cr) := E^it 1 - <*t,a(t) ) 

(q - 1) Vi = ru - r i+lji+1 Vi=l,...,ra 
^ r jfc - ^fc^i = Vj < i, > i + 1 , V j > i + 1, k < i 

<PiTjk - r jk fi = (q - l) 1+s > k (l + g- 1 ) 2+5jfe (r, + i )fc r Jii+ i - r ik rji) V j <i,k <i 
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fiTjk ~ r jk Lpi = -(g - l) i+ ^' fc (l + q 1 ) 2+Sjk (r i+lyk r jyi+ i - r lk rji) M j > i+l,k > z'+l 
(fiVji - rjiifi = -ruTji + (q - l)(l + q~ 1 ) 2 r jit+1 r i+1:i 

<Pirj,i+i - r jyi+1 (pi = r i+1 ,i +1 rj ii+1 
¥i r j,i+i ~ r j,i+i ( Pi = -rj,i+ir i+ i,i+i + (q - l)(l + g" 1 ) r ijt+1 rj 
Vifij - rijVi = -runj + (q - l)(l + q~ X ) r iji+1 r i+1J 

^Pi^ij Tij'fii TijTii 

fit" i+i, j — ri + ijfi = r i+1) j +1 r i+li j 
(Piri+ij - r i+1 ,j<pi = - r t+hj r t+hl+1 + (q - l)(l + g" 1 ) r^Ti+i^ 
<Piru- raw = (q - l) 2 (l + g _1 ) 3 r i+:M r i)i+ i 

,3 



(Pir i+lji+1 - r l+1A+1 ipi = (q - 1) (l + g" 1 ) r i+M r M+ i 
<£W+i,i - n+i,Wi = n+i,iru + r i+lj i +1 r i+lj i 



V j < z 

V j > i + 1 

V j < z 

Vj < z 

V j < z 

V j > i + 1 

V j < z 

V j > i + 1 

Vi 

Vz 
Vz 
Vz 



(q-l)(l + q x ) (r^ + r i+1J+1 r j+lti+1 - r itj+1 r j+lji - (l-S i+1J ) r i+1J r jii+1 ) Vz, j 



Moreover, from the very definitions we also get that F®[SL(n + 1)] is a Hopf subalgebra 
of Fq[SL(n+ 1)], with Hopf structure uniquely determined by the following formulae: 



n+l 



A(r ij ) = m <g) Tij + rij ® r 7 j + (g - 1) (1 + q x ) ^ r ik <g> r kj 



n+l 



A(r«) = r« <g> r« + (g - l) 2 (l + g x ) ^r ifc ®r fc j 



fc=i 



A(^) = r M <g> v?i + v?, <g> r i+1>i+1 + (g - 1) (l + g ^ 



^n+1 


n+l 


\ 




5 r fe,i _ r i+i,k § 




fc=l 


fc=i 







S(<Pi) = -ri,ir 2 ,2 ■ ■ ■ ri_i,i_i¥>iri + 2 1 i+2 • • • r n+ i jn+ i + 

/ 

+ £ (-^) UfJ) (?-i) e(,J) - 1 (i+^ 1 ) e(CT) 



<xes„\{i} 



n+l n+l 

n r ^-o-) - n r J>w) 



V 3 = 1 



3 = 1 



J 



e(r y ) = <5. 



e(Vt) = 



Vz ^ j 
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Vz 
Vi, j 

Vz 
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Remark 3.3. It is clear by definition that F® [SL(n + 1)] is a k [q, q x ] -integer form of 
Fq[SL(n + 1)]: in other words, it is a Hopf k[q, g _1 ]-subalgebra of F£[SL(n+l)] which is 

flat as a k [q, q' 1 ] -module and is such that k(q) ®k[q,q-^\ F^[SL(n + 1)] = F£[SL(n + 1)] 
as Hopf k(q) -algebras. 

Definition 3.4. We define F£[SL(n + 1)] to be the k [q, g _1 ]-subalgebra (with 1) of 
Fq[SL(n + 1)] generated by the elements 

, P11P22 • • • Pa - 1 / -i\Sij-i w- • 1 11 

V»» := ^— ^ , rij:={q-q ) p tj Vi, J = 1, . . . , n + 1. 

3.5 Presentation of F g p [S , L(n+l)]. The presentation of F ( P [,S'L(n+l)] above induces a 

similar presentation of F£[SL(n+l)]: in fact the latter is the associative k\q, -algebra 
with 1 given by generators ipi , , and relations 

rank = qr ik rij , r ik r hk = qr hk r ik Vj<k,i<h 

<?-<? J r^r^ \JK],k<l 

det q (rij) = 1 

(g - 1) ipi = rnr 2 2 ■■■r ii -l Vi = 1, . . . ,n+ 1 

V^fe = q^W-W'Mrjkfc + (q- l) 1+<5jfe (l + g" 1 ) 2 ^ . 

i 

• ^ (vihJ^) ~ C(*»J>fc))ni • • ■r s - 1 , s - 1 r sk r js r s+1 , s+1 ■■■r ii Vi, j, A; 

f 1, Vi<jAk f 0, Vi<jVk 

where 77(1, j, fc) := < and C(*,j\*0 := S 1 w .^. w , 

Vv»+i = - XI (-9) K<j) (9-l) e(<T) " 1 (l + 9" 1 ) e(<J V 1)(T( i ) r 2)(T(2) ---r n+ i )(T(n+ i ) 

cr€S„_)_i 

V'iV'i - V'j^i = (9 - 1) (1 + 9" 1 ) 3 • 

3 i 

^ ^ ^ ^ ^11^22 ' ' ' fk-l,k-l '^11^22 ' ' ' r s-l,s-i r sk r ks r s + l,s + l ' ' ' '1 'ii ' r k + 1 ,k + i r k+2 ,k + 2 ' ' ' fjj V % < j 



k=i + l s = l 



Furthermore, from the very definitions we also get that F^[SL(n + l)] is a Hopf subalge- 
bra of Fq[SL(n + 1)], with Hopf structure uniquely determined by the following formulae: 

n+l 

A(r-y) = m <g> nj + nj <g> r 3j + (q-l) (1 + q' 1 ) ^ r ik <g> r kj V i 7^ 3 



k=i 

k^ti,j 



n+l 

2 



A(r«) = r« <g> r« + (g - l) 2 (l + g x ) ^ r ifc <g> r fcj - Vi 



fc=i 
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A(^) = (l + g ^-^(g-g i) 2 '^ 1 JJ r fc , s(fc) ®r s(fe) , fe + ^r 1A r 2:2 ■ ■ ■ r iti + l®^ Vi 

fc=i 



(where s ranges over all maps s: {1, 2, . . . , i} — > {1, 2, . . . , n + 1} such that s(j) ^ j for 
some j e {1, 2, . . . , i}, and N(s) := Y?j=i { l ~ S j,s(j)) ) 

s ( r ij) = (-q) J ~ l det q (irhk) k hfj) 

S(iPi) = -iPi + 0(q-l) Vi 
e(r ij ) = 5 ij , e(ipi) = 

where 0(q — 1) denotes some element of (g — 1) • i^SX^ + 1)] . To give an example, we 
show that S(ipi) = — ipi + 0(q — 1). By definition we have 



Styi) = s 

but 



rnr 2 2 •••r ii -l \ _ S (ru) - --S (r 22 ) S (m) - 1 



g — 1 / q — 1 



= riir 22 • • • rj-ij-i ■ rj+ij+i ■ ■ ■ r n+1}7l+1 + o((q- if j = JJ r ss + O ({q - l) 2 ) 



n+l 



s=l 



for all j, and 

1 = detg (r hk ) = rnr 22 • • • r n+1 , n+1 +o({q- l) 2 ) 

therefore 

nn+1 -r-rn+1 -r-rn+1 i-rn+1 /-r-rn+1 \ 

s =i r - ' II s=1 r *s ■ ■ ■ U a=1 r ss ■ U s=l r ss - [U s =i r ss ) 

5(^) = — ^ ^ ^ +0(</-i) ; 

now using the fact that r hh r k k = r kk r hh + o((q- l) 3 j we get 

1 - riir22 ---^ + 0(q-l) 



n+l 


n+l 


n+l 


n+l 


l[r a s- 


n r - 




]Jr ss 


s=l 


s=l 


s=l 


s=l 






s^2 


ajtl 



q-1 



and finally, since rjj = 1 + O (g — 1) (as one easily gets from relations (g — 1) V's 
rnr 22 • • -r ss - 1 ), we find 

g(^) = 1 ~ ri g ir _ 22 ; ' ' Tii + C (g - 1) = -Vi + O (g - 1) , q-e.d. 
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Remark 3.6. Here again, it is clear — by definition and by the description of the 
Hopf structure — that F^[SL(n + 1)] is a k[q, -integer form of F q p [SL(n + 1)]. 

Definition 3.7. We define F q [SL(n+ 1)] to be the k [q, g _1 ]-subalgebra (with 1) of 
F^[SL(n + 1)] generated by the elements 

Xi : = _ 1 > rij:={q-q ) Vz, j = 1, . . . , n + 1. 

3.8 Presentation of i 7, g [S'Z/(n + 1)]. Again, we have a presentation of i 7 ' (? [5 , L(n+ 1)]: 
it is the associative k [q, -algebra with 1 given by generators Xi > r ij > an d relations 

r^r^ = grifcry , r^r/^ = qr hk r ik Vj<k,i<h 

q-q ) rurjk \/K],k<l 

det q (rij) = 1 

(q - l)xi = r it - 1 Vz = l,...,n + l 

Xifjk - r jk Xi =0 Vj<i<k,Vj>i>k 

Xi^ji ^jiXi ^ii^ji ^ j ^ ^ 

Xi^ji TjiXi ^TiiTji ^ j * 

r«Xt = Vz 

Xi^ifc - ^ifcXi = -^ii^fc Mk <i 

Xi r ik - rikXi = +rurik Wk> i 

Xi^jk - r jk Xi = -(q - l) 2 (l + <? _1 ) rank Vj,k<i 

Xi^jk - rjkXi = +(<?- 1) 2 (1 + (T 1 ) rank Vj,/c > i 

XiXj - XjXi = (1 - <%) • (g - 1)(1 + g" 1 ) ryr^ Vz < j 



n+l 

J^ri ) ir2,2---r i _i ) i_iXi = 
i=i 

= E ("^ (9 " i)^" 1 C 1 + O e(<T) n,a(i)r 2 ,.(2) • • • r n+lMn+1) 
aes n+1 \{i} 

A straightforward verification shows that F q [SL(n + 1)] is also a Hopf subalgebra of 
Fq[SL{n + 1)], whose Hopf structure is given by formulae 

n+l 

A(r^) = r« <g> r 4 j + r„ <g> r^- + (g - 1) (1 + g" 1 ) ^ r ^ ® r fcj Vz 7^ j 



fc=i 



n+l 

2 



A(r«) = r« <g> r l4 + (g - l) 2 (l + q x ) ^ r ik ® r kj Vz 



fc=i 
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n+l 

= r it <g> + (g - l)(l + g" 1 ) r i>fc <g> r fc)i Vz 

fe=i 

= -^i,i r 2,2 • • • ri- 1A -iXir i+ 2,i+2 ■ ■ ■ r n +i,n+i+ 

n+l 

+ E (-4) ,( " ) («-ir ( " ) - 1 (i+9- 1 ) e< ° ) n 

ct€S„\{1} j = l 

n+l 

- £ (-4) ,(< "(4-l) c(< "- 1 (l+9- 1 ) e< ° , n^O) V ' 

o-6S„ +1 \{l} J = l 

e(r ij ) = S ij , £ ( Xi )=0 Vi,j. 

Remark 3.9. By definition and by the description of its Hopf structure we see at once 
that F q [SL(n + 1)] is a k[q, q' 1 ] -integer form of F^[SL(n + 1)]. 

§ 4 The main theorem: specialization results 

Since the integer forms we are dealing with are Hopf algebras over the ring k[q, 
we can consider their specialization at q = 1 , namely the Hopf fc-algebras 

F?[SL(n + 1)] := F q Q [SL(n + 1)] / (q - 1) F q Q [SL(n + 1)] , 
Ff[SL(n + 1)] := F q P [SL(n + 1)] / (q - 1) F q P [SL(n + 1)] , 
F^SLin + 1)] := F q [SL(n + 1)] / (q - 1) F q [SL(n + 1)] . 

Our main result is the following: 

Theorem 4.1. The Hopf k-algebras F?[SL(n+l)], F{[SL(n+l)}, and Fi[5L(n+l)], are 
Poisson Hopf coalgebras isomorphic to U(t)). In other words, F®[SL(n+l)], F^[SL(n+l)], 
and F q [SL(n + 1)] all specialize to the Poisson Hopf coalgebra U(t)). 

Proof. Consider F®[SL(n + 1)]; it inherits from F®[SL(n+ 1)] the following presentation 

(which is obtained from that of F®[SL(n+l)] by setting q = 1 ): it is the unital associative 
/c-algebra with generators r^, ipf. (i, j = 1, . . . , n + 1; fe = 1, . . . , n) and relations 

^i^fc = rifcry , r ik r hk = r hk r ik V j < k,i < h 

ruTjk = r jk r u , r ik rji - rj X r ik = (o) 1+<5 * fe+<5 ^~ 5ii ~^ fe TilTjk Vi < j,k <l 

^l,l r 2,2 • • • r„+i jn+ i = 1 

= rii - r i+ i ii+ i Vz = l,...,n 
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WiTjk - rjk^i = V j < z, k > i + 1 , V j > i + 1, k < i 

<PiTjk - rjkfi = V j < i,k < i 
ViTjk - Tjkfi = V j > i + 1, k > i + 1 

fifji - r 3i t Pi = -fiiTji V j < 1 

PiTji - TjiLfi = TjiTu V j > i + 1 

tPirj,i+i - r jti+1 ipi = r i+lji+1 r jji+1 V j < i 

y^ r j,i+i - r j,i+ifi = -rj,i+ir i+lji+1 V j < i 

fiUj - r ij¥i = -ruTij V j < % 

¥i r ij ~ r ij l Pi = r ijfii Vj>i + 1 

fin+i,j - Ti+ijtPi = r i+ i,i + ir i+1 j V j < i 

fin+1,3 - n+ijVi = -ri + ijr i+ i ji+ i V j > i + 1 

(Pirn - raw = Vz' 

v^i+i.i+i - n+i,i+i(Pi = o Vi 

<Piri,i+i - r iA+1 ipi = r iji+1 ru + r i+lji+1 ri ji+1 Vz 

<Piri+i,i - r i+1)i (pi = r i+1)i rii + r i+1 , i+1 r i+lji Vz 
<Pi(fj - <Pj(fi = 



Moreover, its Hopf structure is given by 



A(rij) = m (g) r-ij + ® rjj Vz 7^ j 

A(r^) = ® rjj Vz' 

A(^) = rjj (g) <^ + <^ <8) r i+ i ji+ i Vz' 

n+l 

S(r y ) = -r y • Yl r k,k Vz, j 



fc=l 



S((fi) = -r%ir 2 ,2 • • • ri-i y i-npiri +2) i + 2 • • • r n+lj7l+1 Vz 
e(r ij ) = 5 ij , e((pi) = Vz,j. 

In particular we have that ri 5 i = r2,2 = • • • = r n+ i )n+ i , hence r™^ 1 = 1 for all z, 
whence r^j G (A; is algebraically closed); but then A(r^) = ra <S> r„ implies ru = 1 . 
Now relations r^r^ — rjirn- = (0) 1+ Ife+ Ji ,! Jfe rurjk (z < j,k < I) gives in particular 
nj-irj-xj - rj-xjrij-x = (())* ■ /•,.,/•/ 1 (z < j), and similarly r iJ+ ir J+:LjJ - - 
rj + ijr iy j + i = (0) 5l,J+1 rijTj + ij + i (i < j), whence we deduce that the elements r^+i, 
r i+ i 5 j (z = 1, . . . , n) together with the tpj's are enough to generate F®[SL(n + 1)]. 

Now from the relations above one finds that for the generators r^+i, tpi, r^i^ (z = 
1, . . . , n) exactly the same relations hold than we have in §1 for the generators — fj, h^, e^, of 
C/(h): therefore F®[SL(n+ 1)] and J7(f)), having the same presentation, are isomorphic as 
/c-algebras. Nevertheless, the formulae for the values of Hopf operations (of F®[SL(n + l)]) 
on the generators r^+i, tpi, rj+i^ are exactly the same — when taking into account that 
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Ta = 1 for all i — than similar formulae for the generators — fj, hj, e^, of U{\)): thus the 
fc-algebra isomorphism $ : F®[SL(n + 1)] — > U(t)) given by 

r M+i i-> -fj , ^i-^hj, ri+1,4 i-> +e; , (4.1) 

is even one of Hopf algebras. In particular, the comultiplication of F®[SL(n + l)] is cocom- 
mutative: hence a Poisson cobracket 5: [SL(n + 1)] — ► F? [SL(n + 1)] <g> F? [SL(n+l)} 

is canonically defined by 5 ( x \ q -i) := ^ A ~^_i^ 

In order to compare the latter Poisson cobracket with the one on J7(f)) given from 
scratch, we have to unravel the preimage in F®[SL{n + 1)] of root vectors in U(t)). 

We already saw that Ta = 1 ( i = 1, . . . , n + 1 ) in i ? 1 Q [S'L(n + 1)]; from this fact and 
the relations r^r^i — TjiVik = (o) 1+(5lfe+<5j! 5a 5]k rurjk ( i < j, k < I ), for j = k one gets 

ru = + [r y , rjj] Vi<j<l, 

and similarly for i = / 

rjfc = - [rji , r ik ] V j > i> k; 

in particular 



= + [ r i,j-i , rj- hj ] = - [rj-ij , r^_i] Vi < j - 1 , 

r ^ = - foj-i > O-i.J = + h-i,< > r i,i-i] V j > z + 1 . 



(4.2) 



Comparing (4.2) and (1.1), by a simple induction one gets from (4.1) that 

*(r y ) = , = (-l)'"-* -1 ^ , W i < j . (4.3) 

Now, a straightforward computation gives 

n+l^ 

= ®n,i+i - r i}i+1 (g)cfi + 2- ^2*'* +1 (rij <S> rv^+i - r^+i <S>nj) 

(n+l n+1 
i=i i=i 

n+l 

8(n+i,i) = r i+lii ®Wi-(pi® r i+ i ti + 2-^2 hl+1 (r i+1J <g> - r jti <g> r i+ i 5j ) 

i=i 

(for all z = 1, . . . , n ), where a superscript /i means that the index h must be discarded; then 
it is a simple task of rewriting (using (4.3)) to see that these formulae correspond — via 
$ — to the analogous ones for J7(f)). Thus the isomorphism $ : _F 1 Q [SX(n+ 1)] — > U(\)) 
above is one of Poisson Hopf coalgebras; so we have proved the claim for F®[SL(n + 1)]. 
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As for the other two algebras, we shall shortly conclude relying on the first one. In fact 
Ff[SL(n + 1)] and Fi[SL(n + 1)] differ from F?[SL(n + 1)] only for "toral" generators: 
the ipi's, resp. the Xi's, instead of the (p^s. Now, definitions give at once 

ipi = Xi + f 1,1X2 + ri,ir 2 ,2X3 H h n,i r 2,2 • • • rj-i^-iXi V % = 1, . . . , n + 1 

so that, since r^j = 1 mod (g — 1) , we have that {ipi, . . . , VVz+i} modulo (g — 1) and 
{Xi, . . . , Xn+i} modulo (q — 1) span the same /c-vector space, whence 

Ff[SL(n+l)]=Fi[SL(n+l)]. 

Furthermore, definitions give also 

<Pi = Xi-Xi+i Vi = l,...,ra 

hence the /c-span of {<^i, . . . , <^n+i} modulo (q — 1) is contained in the /c-span of {xi, . . . , 
Xn+i} modulo (q — 1) ; moreover, the relation 

n+1 

5^ri,ir2,2---ri_i,i_iXi = 

= E (-^) Z(<J) (? - l) e(CT)_1 (l + ?- 1 ) e(<J V 1)(T(1) r 2)(T(2) • • •r n+1 , <r(B+1) 

aES n+1 \{l} 

for <7 = 1 turns into 

XH + Xn+i = ; 

thus the /c-span of . . . , </? n +i} modulo (q — 1) and the /c-span of {xi, • ■ • , Xn+i} 
modulo (q — 1) have both dimension n, hence they coincide. We conclude that 

F?[SL(n + l)]=F 1 [SL(n+l)]=F?[SL(n + l)] 
whence the claim. □ 



§ 5 F™{SL(n + 1)] as approximation of F M [SL{n + 1)] 

5.1 Motivations. To explain the definitions of the integer forms of §4 some comments 
are in order. We resume the analysis in [Ga], using the same notation, and make it more 
explicit for G = SL(n + 1) . 

Given the quantized universal enveloping algebra U p (sl(n + 1)), resp. Uq(sl(n + 1)), 
there exists a k [q, -integer form (as Hopf algebra) U p (sl(n + 1)) , resp. U p (sl(n + 1)) 
(cf. [Ga], §3.4); then we define (cf. [Ga], §4.3) 

T Q [SL(n + 1)] := { / G Ff [SL(n + 1)] | (/, U p (sl(n + 1)) } C k [q, g" 1 ] } 
F P [SL(n + l)} := { / G F p [SL(n + l)] | (/,W Q (sl(n + 1))) C fc^g" 1 ] } 
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From the very definition of U p ', one sees that F£[SL(n + 1)] C F Q [SL{n + 1)] , and 
similarly, F p [SL(n + 1)] C J rP [SL(n + 1)] . But even more, we shall prove in this section 
that F®[SL(n+l)], resp. F p [SL(n + 1)], is a "good enough approximation" of J rQ [SL(n + 
1)], resp. F p [SL{n + 1)], in the sense that they have the same specialization at q = 1. 

One of the main points in [Ga] is the construction of a (topological) Hopf algebra U p (i)), 
with a k [q, q -1 ] -integer form il P (h) which specializes to U(ty) for q — > 1. The link with 
quantum function algebras is the existence of an embedding of (topological) Hopf algebras 

Z P :F p [SL(n + l)} « ► C^(^) ; 

via this embedding one has £ P {!F P [SL{n + 1)]) C il p (h) . In addition, one has also 
£ P (^ p [5L(n + 1)]) = il p (h) , so that il p (h) - q -^ U(t)) implies 

q=l q=l 

F p [SL(n + l)]- q -^U(t)). 
The embedding £ P : F p [SL(n + 1)] t^(h) is the composition of an embedding 

Mp : f p [g] A f;[g] ® f p [g] ® ^(b-) oP ® ^(M op 

(where G = SL(n + 1) , and B± and b± denotes as usual Borel subgroups and Borel 
subalgebras) and an isomorphism v~ x of a suitable subalgebra of U^(b-) <g> U p (b + ) op 

(containing (i P (F p [SL(n + 1)])) with U p (i)); hereafter, H op will denote the (unique) Hopf 
algebra with the same structure of H but for comultiplication, which is turned into the 
opposite one. Everything holds as well with P and Q exchanging their roles; on the 
other hand, since by definition is F^[SL(n + 1)] C F p [SL(n + 1)], C/"«(fj) C U p {$) , 

and £ Q = 6>| F Q [SL(n+1)] > = Vp\ F Q [SL{n+l)] , ^ will be enough to study // P . To this 
end, we have to revisit the definition of U™(sl(n + 1)) and its quantum Borel subalgebras 
Uq{b±) (M = Q,P), and the construction of quantum root vectors: this will be done 
in next sections. Here we recall the definition of F P [B + ] and F P [B_] and the canonical 
epimorphisms and p_ . 

F P [B + ], resp. F P [B_], is the unital associative fc(<z)-algebra generated by {pij | i,j = 
1, . . . , n + 1; i < j}, resp. by {pij \ i, j = 1, . . . , n + 1; % > j}, with relations 

PijPik = q PikPij , PikPhk = qPhkPik Vj<k,i<h 

pupjk = pjkPu , pikpji - pjiPik = (q- q' 1 ) pupjk Vi <j,k <i 

Pl,lP2,2 • ■ ■ Pn+l,n+l = 1 

for either algebras. These are Hopf algebras too, with comultiplication given by 

n 

A (Pij) =Y1 pik ® pk i for F Q ' 

k=i 
3 

A (Ptj) =Y1 pik ® Pk i Vi '-? for F g P t 5 -] ' 

k=l 
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counit by 

e(Pij) = Sij Vi,j 
for either algebras, and antipode by 

S( Pij ) = (-q) j - i det+ ({ Phk ) k h %) Vt,j for , 

S{fHj) = (-q) J - l det- ((p fcfc )gy) Vi, j for jrf , 

where rfet^", resp. cfet~, is the expression that one gets simply by setting p t j = for all 
i > j , resp. i < j , in cfet g . 

By the very definitions, two Hopf algebra epimorphisms exist 

p + : F q p [SL(n+l)} » , p_ : F/[5L(n+ 1)] » , 

given by 

p+: pij^pij Vi<j, ft 3 ^0 Vi>j 

p+: p tj ^ pij Vi>j, py^0 Vi<j. 

5.2 The quantum algebras + 1)), U q (sl{n + 1)), and U£ (b±). We recall 

(cf. for instance [GL]) the definition of the quantized universal enveloping algebra U q (gl(n+ 
1)): it is the associative algebra with 1 over k(q) with generators 

FTP TP /^f±l /"l±l /^±1 TP TP TP 

1, ^2> • • • , f«) t^i ,^2 j-'-j^ti > ^n+l'-^l'^) • • • j-C'n 

and relations 

GiG~ x = 1 = G~ x Gi , G^Gf = Gf Gf 1 Vi, j 
G l F J G~ 1 = *•'/•) , GiEjG- 1 = r/ S; ' ,S " ' 1 Vi, j 

GjG; I 1 — G„ Gj-LI 

F^- - F,Fj = ^ — ?-i±i Vi, j 

q — q 

EiEj = EjEi , = FjFj V i, j: |i - j| > 1 

- (g + g" 1 ) EiEjEi + EjEf = V \i - j\ = 1 

- (qr + g" 1 ) FiFjFi + FjFf = V i, j: |i - j| = 1 . 

Moreover, U q (gl(n + 1)) has a Hopf algebra structure, given by 

A (Fi) = Fi® G~ 1 G i+1 + 1 <g) F; , S'(F i ) = -F i G i G- + 1 1 , e(F) = Vi 
A (Gf = Gf 1 ® Gf 1 , S(Gt 1 )=Gf\ e(Gf) = l V. 

A (Ei) = E % <g> 1 + G t G~l x <g> E t , 5(F i ) = -G- 1 G i+ iF i , e(F,) = Vi. 

The algebras U£ (sl(n + 1)) and J7« (sl(n + 1)) — defined as in [Ga] , §3 — can be realized 
as Hopf subalgebras or quotients of U q (Ql(n+ 1)). Namely, define elements 

Li := Gi • • • Gi , L i 1 := G 1 1 • • • G i 1 , -£Q := GiG i+ \ , F^ 1 := G i 1 Gj + i 
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for all i = 1, ... ,n. Then L n+1 is a central element of U q (gl(n + 1)), and U q (s[{n + 1)) 
is (isomorphic to) the subalgebra of U q (gl(n + 1)) generated by {Fi, . . . , F n , Lf 1 , . . . , L^ 1 , 
Ei, . . . , E n } - - this corresponds to sl(n + 1) <^-> gl(n + 1) - and to the quotient of 
U q (gl(n + 1)) modulo the ideal (which is a Hopf ideal) generated by (L n +i — 1) — which 
corresponds to si(n + 1) = gl(n + l)/(I n+ i) = gl(n + 1)/Z($[(n + 1)) . Similarly, the 
algebra U®(sl(n + 1)) is (isomorphic to) the subalgebra of U q [gl(n + 1)) generated by 
{Fi, . . . , F n , K^ 1 , . . . , Ki^ 1 , Ei, ... , E n } — this again corresponds to si(n+l) gl(n + l) . 

A last word about "toral elements" Gi, Li, Ki. In the "classical" framework we have 
toral elements hi = h ai in the (diagonal) Cartan subalgebra of sl(n + 1)( C gl(n + 1)) , 
given by hi = Mij — Mj+i^+i (where M rjS denotes a square matrix of size n + 1 as 
in §2); similarly, letting i\ = Mn + M22 + ••• + Ma, we have hi = —£i-i + 1£i — 
£i + i . Now, Gi is the g-analogue of Mj^ — in fact, on the standard representation it acts 
exactly as exp (/iM^j), where /i := log (9) - therefore Ki := GiGj^ = exp(/iM i; i) • 

exp(/i Mj +i) j + i) 1 = exp(/i (M^ — Mj+i^+i)) = exp(/i • /ij) is exactly the (/-analogue of 
hf, similarly, Lj is the g-analogue of £{. 

As for quantum Borel subalgebras, we recall that U q (b+), resp. U q (b-), is — by defini- 
tion — the subalgebra of U q (s[(n + l)) generated by {Li, . . . , L n }U{Ei, . . . , E n } , resp. by 
{Li, . . . , L n }U{Fi, . . . , F n } ; similar definitions occur for U£(b±), with i^'s instead of Li's. 
All these are in fact Hopf subalgebras. 

Finally, there exist Hopf algebra isomorphisms 

tf+ : F q P [B + ] -^Ut^(b_) op , : -^-> ^ P (b + ) op 

which are uniquely determined by 

tf + := L^L- 1 = G- 1 , (p M+1 ) := -F^L^ = -F t G~^ , V i 

(p«) := L~\Li = G,, (Pi+i,i) := +L~ 1 L l+1 E l = +G t+1 E l , V i 

(here we set L := 1 , L n +i := 1 ), where Fi := (q - g -1 ) Fi , £^ := (g - q' 1 ) Ei . 

5.3 Quantum root vectors. Quantum root vectors are essential in [Ga]: according 
to a general recipe provided by Lusztig, they are constructed by means of braid group 
operators (i = 1, . . . , n), which in our case are given by (with the normalization of [Ga]) 

{Fj i-> ~K~ X E 3 , Kj i-> KJ 1 , Ej ^ -i^- , if \i - j\ = 

Fj i-> Fj- , i-> if, , Fj ^ Ej, if |i - j I > 1 

Fj i-> —FjFi + qF.Fj , ^ i-> JQi^ , ^ i-> —EiEj + q~ 1 E J E l , if |z - j| = 1 

Thus letting [x, y] q := xy — qyx be the g-bracket of x and y we have 

T i (F j ) = q [F i ,Fj] q _ 1 = -[Fj,F i ] q , Ti(Ej) = —[Ei,Ej] q _! = q~ 1 [Ej,E j \ q for \i-j\ = l. 

Consider now the case G = SL(n + 1) , g = sl(n + 1) . We want to compare Lusztig's 
construction of quantum root vectors with another one (which is used, for instance, in [Ji] 
and in [Ta]). 
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In the Lie algebra sl(n + 1) we have matrices M^- e {1,2,..., n}, z < j) such that 

M l)l+1 = e z , [M ifc , M fc j] = My , \/i <k < j 

where denotes the i-th Chevalley generator of the positive part of sl(n + 1), the Lie 
subalgebra n + of strictly upper triangular matrices. Moreover, these matrices are root 
vectors, i. e. weight vectors — for the adjoint action — with roots as weights: namely, Mij 
has weight the positive root a(z,j) := Si — Sj , where eu denotes the (k, k)-th coordinate 
function on matrices. Notice that the same is true for — [Mik,Mkj] = —Mij . Then the 
level of Mij, defined to be j — i, is the height of the root a(i, j). A similar situation occurs 
for the subalgebra n_ of strictly lower triangular matrices, with elements (i > j) as 
root vectors of weight the negative roots a(i, j) of height j — i. In particular, { M t j | i < j } 
is a basis of n+, and { | % > j } is a basis of n_. 

The situation described above can be quantized. In fact in the standard representation 
of Uq{sl{n + 1)) or U® ($l(n + 1)) we still have Ei \— > Mj 5 j + i , i.e. Ei acts as the matrix 
Mi t i + i; then we define (for all i < j — 1 ) 

-[ E i,j-uEj-i,j] q -i = 9~ 1 [- E i-l,i>- E i,j-l] g ^ 
Q[ F j-i,i,Fj,j-i] q -i = -[Fj,j-i,Fj_ 1A } q 

(notice the occurrence of the "— " sign, which does not appear in [Ji], nor in [Ta]); then 
remark also that in the standard representation of U£ (sl(n + 1)) or (sl(n + 1)) we have 

Eij i-> (-l) J_i_1 My and F 0% ^ (-l)^" 1 " 1 ]^"^ , for all i <j . 
Now look at roots, for instance positive ones: they form the set 

R+ ■= { a(i,j) \i,j = l,...,n+l;i<j}; 
if we set n(i,j) := i — j + XH=o( n — ^) , we obtain a total ordering of R + by 

ct(i, j) oc(h, k) <^=^ n(i,j)<n(h,k) 

so that R+ = {a\a 2 ,...,a N } , with a(i,j) =: a n ^ , N := ( n + 1 ) . 
The first key point is the following lemma, whose proof is trivial: 

Lemma. The previously defined ordering of R + is convex, that is 

a,p,a + 13 e R + ,a ^ (3 =>• a ^ a + (3 ^ (3 . □ 

By a theorem of Papi (cf. [Pa]) we know that every total ordering of R + which is convex 
is associated to a unique minimal expression of wo = (nn — 1 ...321), the longest element 
of the Weyl group S n of sl(n+ 1): this means that, if wo = s^s^ ■ ■ ■ Si N _ 1 Si N is a minimal 
expression of u>o, then the ordering of R + is given by 

CX Cli 1 , OL S{ 1 (tti 2 ) j • • • > Ot Si 1 Si 2 ■ ■ ■ S{ k _ 1 (o^i fe ) , • • • , Oi Si 1 Si 2 ■ ■ ■ Si N _ 1 (o^jy) . 



Ei,i+i :— Ei , Eij : — 

r 3 + 1,3 ■ r ^ ' L 3A ■ 
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In the present situation we can also write down explicitely the minimal expression of 
wq afforded by the given ordering of R + : it is 

WO = SiS 2 S 3 - - ■ S n - 1 S n S 1 S 2 ■ ■ ■ S n - 1 S 1 S 2 • • • S n - 3 S 1 S 2 " " " • 

Starting from any minimal expression of Wq, Lusztig constructs quantum root vectors 
via the formulae 

E a k := T Wk _ 1 {Ei k ) = Ti x Ti 2 ■ ■ ■Ti k _ 1 {Ei k ) , F a k := T Wk _ 1 (Fi k ) = Ti x T 2 ■ ■ ■Ti k _ 1 {Fi k ) 

where wq = s^s^ ■ ■ ■ Si N is the given minimal expression, Wh '■= s^s^ ■ ■ ■ Si h , and a k = 
Wk-i (ciifc) gives the associated convex ordering of R + . In our case this construction gives 
quantum root vectors (for all i < j) 

T ' . ' / ' rp rp rp rp rp rp rp rp rp rp / 771 \ 

^ Q «(i,j) .— ±\1<2 - • ■ ± n ±\li - • • l n -\±\ - ■ ■ l n -i+ili±2 • • • lj-i-i \&j-i) , 

F a n(i,j) := TiT 2 ■ ■ ■ T n TiT 2 ■ ■ ■ T n _iTi • • • T n - i+ iTiT 2 ■ ■ ■ Tj_j_i (Fj-i) . 
Theorem. For all i,j = 1, 2, . . . , n + 1 with i < j we have 

E a n(i,j) = Eij , F a n(i,j) = Fji . 

Proof. We make the proof for the "E" case, the "F" case is the like. 

We have two possibilities, j = i + 1 and j > i + 1 . If j = i + 1 we have 

c/hm) _ SlS2 . . . SnSlS2 . . . Sn - i+2 sis 2 ■ ■ ■ s n - i+ i(ai) = sis 2 ■ ■ ■ s n sis 2 ■ ■ ■ s n - i+2 sis 2 (ai) 

because Sh{ak) = «fc f° r au \h — k\ > 1 ; since sis 2 (ai) = a 2 , we get 

a n{hj) = s 1 s 2 --- s n s 1 s 2 ■ ■ ■ s n - i+2 (a 2 ) = 

= Sl$2 ■ ■ ■ S n S 1 S 2 ■ ■ ■ S n _j +3 SiS 2 S3(02) = $lS 2 * • • S n SiS 2 • • • s n - i+ 3(a 3 ) ; 

thus iterating we obtain 

a»(*.i) = oci ; 

then by Lusztig's work we know that E an (i,j) = E ai = Ei ; on the other hand, j = i + 1 
gives Eij = Eij+i = Ei by definition, hence E an (ij) = Eij , q.e.d. 
If j > z + 1 we apply the definitions to get 

/ ' . rp rp rp rp rp rp rp rp rp rp rp rp ( 771 \ 

^ a n(i,i) •— ±1± 2 ■ ■ ■ ln-Ll-1-2 ■ ■ ■ J-n-l-Ll ■ ■ ■ J- n-i+1 J- 1 J- 2 ' ' * ± j-i-2-L 

= T{F 2 • • - T n T\T 2 • • - T n _\T\ • • ■ T n _ i+ iTiT 2 ■ ■ - Tj_i_ 2 ^— [Ej_i_i, Ej_i\ q _^j = 
= —\Ti ■ ■ - T n -i + iTi ■ ■ - Tj-i- 2 (Ej-i-i) , T\ • • - T n -i + iTi ■ ■ - Tj-i- 2 (Ej-i)] q _ 1 = 
= — [E an (ij-i) ,TiT 2 ■ ■ -T n TiT 2 ■ ■ -T n - i+ iTiT 2 ■ ■ - Tj-i-2 (Ej-i)] q -i '■> 
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but now we have 

\J-2 - ■ ■ J-n-LlJ-2 - • • J-n-i+2 • " • ±\±2' • ' 1 n-i+lJ-l- L 2 • • • ± j-i-2 — 

= T\Ti • ■ ■ T n T\T2 ■ ■ ■ T n -i + 2TiT2 ■ ■ ■ Tj-i-iTj-iTj-i + i (Ej-i) = 

= T1T2 ■ ■ ■ T n T\T2 • • • T n -i + 2TiT2 ■ ■ ■ Tj-i-i (Ej-i + i) 

for TkTk+i (Ek) = Ek+i for all k ; then a simple iteration gives 

TiT 2 • • • T n TiT 2 ■ ■ ■ T n _j + 2 • • • TiT 2 ■ ■ ■ T n _i + iTiT 2 ■ ■ ■ Tj_j_ 2 (-Ej-i) = Ej_i . 

Therefore we have 

E a Mij) = —[E an (i,j-x) ,E j _ 1 ] q _ 1 ; 

since (j — 1) — % < j — i , we can use induction on the height of roots and assume 
E an (i,j-i) = Eij_i ; on the other hand, Ej_i = -Ej-ij , by definition; thus we find 
E a n(ij) = —[Eij-i , Ej-ij] ! , and - - by definition again — the right-hand-side term 
is nothing but Eij . The claim follows. □ 

5.4 The embedding fjt M : F([SL(n + 1)] < ► U£ (b-) op <g> U£(b+) and special- 
ization results. We are now ready to go on with the analysis of the embedding 

Mp : F-[G] A F-[G] ® Ff[G\ F q *[B + ] ® Ff[B.] ^(b_) op ® U P q {b + ) op 

( G = SL(n + 1) ): here A is the comultiplication of the Hopf algebra F q [SL(n + 1)], 
p±: F q M [SL(n + 1)] » F q M [B±] are the natural epimorphisms of §5.1, and the maps 

#±: F q M [B±] — - — > U q (b T ) op are the isomorphisms given in §5.2. 

To begin with, we go back to the study of F®[SL(n + 1)]: lifting the identities (4.2) 

gives relations (inside F®[SL(n + 1)] ) 

^3 = > r j-hj] + °(l ~ 1) = +0(q-l) Vz < j - 1 , 

r i r i 

r 3* = ~ [ r j,j-i > r i-i,iJ + <% - 1) = + [rj_i,i , rj,j_ij + <9(g - 1) V j > i + 1 . 

Now look at the isomorphism F q [B + ] — = — > U q (b-) op , it maps pa = r„ onto 

Li-iL~ x = G~ x , and p M+ i onto — F^L"^ = -Fi+G^i , hence r iji+ i onto — FjLjL"^ . 
But remark that = 1 + C(g - 1) , and so also Gi = 1 + 0(q - 1) , = 1 + C(g - 1) , 
Lj = 1 + 0(q — 1) , where the symbol (9(g — 1) denotes some element of (q — l)i! p (b_) 
(notations of [Ga]): thus we have also tf+^i+i) = — F 4 + 0(q — 1) . 

Therefore, using the first relation of (5.1), Theorem 5.3, and the fact that [ , ] = 
[ , ] 1 = [ , ] mod (q — 1) , by a simple iterating procedure we find that 

tf + (r y ) = ( I)'' '/•}. + 0(q - 1) = (-ly-'F^n +0(q-l) V t < j . 

Similarly, by the same arguments we can prove that 

_ (r i4 ) = (-l) J - i+1 ^ 5j + G(g - 1) = (-l) j - i+1 ^ ( ^) +0(q-l) V j > < . 
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Now, from the definition of A and $± we get a description of /^(r^+i) as follows: 

Mrv+i) = (#+ ® ((p+ ® P-) (A(r M+ i))^ = 

= (0+ (g) I (p+ ®p-)( r M ® r i>i+ i + r M+ i <g> r i+ i >i+ i + (9 - q" 1 ) <g> r k ,i+i J J = 

V fc=i / 

/ n+l \ 

= (0 + <g> I r iii+ i <g> ri+i >i+ i + (9 - 9 x ) r ^ ® r M+i ) = 

V k=i+2 J 

n+l 

= -F l G- + \®G l+1 + 0(q-l) + {q-q- 1 ) ^ F a(k>i) ® F a(m , fc ) + ((9 - l) 2 ) = 

fc=i+2 

= -Fi ® C7 l+1 + 0(g - 1) = -Fi <g> 1 + 0(g - 1) 

where the symbol 0(q — 1) denotes some element of (q — l)i! p (b_) <g> il p (b_|_) (note that 
the last algebra is mapped by v~ x into il P (f)) ); recalling from [Ga] the definition of v~ x : 
il P (b_) ®it P (b+) — >il P (f)), for £p = ii P ov~ 1 we find 

£ P (r M+1 ) = -F, + 0(9-1) 
and in general £ P (r^-) = (— 1) J % Fj^ + 0(q — 1) , for all i < j . A similar analysis yields 

£ P (r i+1>i ) = + 0(g - 1) 
and in general £ P (r,-,j) = (— l)- 7- * 4 " E i: j + 0(q — 1) , for all j > i , and also 

£p (r M ) = + (( g - l) 2 ) = L-^L, + ((« - l) 2 ) ; 
furthermore, the latter implies 

£ P fo) = £ P ( rM ^ + 1 M+1 ) = + 0(« " 1) = 

= • 1 + 0(9 - 1) = G,+i • ^LZ_L + 0(9 _ 1) = 



^± + ^-l)=(^°) + ^-l), 



9-1 / 9-1 



L; 1 + 0(9-1) = ^^) fC%-:i). 



q-l " ' U 

6> (x.) = [ ^f) = + 0(9 - 1) = °) + 0(9 - 1) . 
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Remark: in light of the previous formulae and of the remarks in §5.2 about toral 
elements of U q (gl(n + 1)), one has that 

ifi is the (/-analogue of hi , 
ipi is the (/-analogue of i$ , 
Xi is the (/-analogue of M i;i ; 

on the other hand, the definition of these elements can also be motivated directly in 
quantum matrix terms. In the classical framework, we have 

hi = M M - M t+hl+1 , £ t = M M + M 2)2 + • • • + M M ; (5.2) 

Now, r^j is the z-th diagonal quantum matrix coefficient, that is the (/-analogue of the 
"classical" matrix coefficient M^; hence we should have, in principle, 

rn - 1 

q=l 



q-1 



= Mii ; 



such a relation is completely meaningful, and was our reason to define x '■= V q -\ ■ As 
Gi too is a (/-analogue of M iji: the relation 

tAxi) = ( Gl ;°)+o( q -i) 

is not surprising. By the way, we remark that the special relation 

n+l 

7X^2,2 • • -ri-i,i-iXi = 

crES n + 1 \{l} 

which arises from the relation det q (pij) = 1 , for q = 1 turns into 

Xl + X2 H + Xn+l = 

that is a relation like Tr(x) = . 

Moreover, relations (5.2) should have quantum counterparts 

"g-analogue of h" = r M • r~+ li+1 , "g-analogue of ^" = r M r 2 ,2 • • -r M , (5.3) 
which should yield 



n,i ■ r i+ \ i+1 - 1 r M r 2 ,2- • -r M - 1 



q-1 



q=l Q-1 



= 4 ; (5.4) 

5=1 



now, the second relation in (5.3) is completely meaningful, so it moved us to define ip by 
tpi := Hiilg^^Iiiiz j on the other hand, the first one instead is meaningless, for r~j does 
not exist; but since Tjj = 1 mod (q — 1) , we should have also 



"^-analogue of h" = "(/-analogue of h" ■ r i+lji+1 = ■ r i+ \ i+1 ■ r i+1)i+1 = 
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whence the first relation in (5.4) turns into 



n,i - r i+ i ji+ i 



q-1 



r i,i ' r i+l,i+l 1 



9=1 



q-1 



■ n+i,i+i 



= hi 



q=l 



which provides a completely meaningful expression for a (tentative) g-analogue of hi ; 
that's why defined (p t : = r ' , '~ r ^t 1 ' i+1 • Notice that also Li , resp. Ki , is a g-analogue of 



-~ q-1 

ti , resp. hi : this explain the relation 



resp. £p ( W ) = ( K \ ° ) + 0(q - 1) 



Conclusion. The result of all the analysis above is that 



=i (f p [SL(u + 1)] /(q - 1) F p [SL(n + 1)]) = 

= [SL(n + 1)]) /(g - 1) [5L(n + 1)] ) = U r ' ( h ) / (q - 1 ) U' ( h ) 



=i (Pf [SL(n + 1)] /(q - 1) F«[5X(n + 1)]) = 

= ^ (^[5L(n + 1)]) Uq - 1) £ Q (F^[SL(n + 1)]) = il Q (())/(g - 1) il Q (J)) , 



ur(tj)/(q-i)ur(i>), 



(F q [SL(n+l)]/(q-l) F q [SL(n+l)}) = 

= Z P (F q [SL(n+l)]) I (q-l)UF q [SL(n+l) 



because elements F, 



Li-0 



ivsp. [ Ki l ) , resp. ( (, . : " 



- and Ei are enough to gener- 
ate il P (f))/(g-l) il P (f)), resp.il Q ([))/(g-l)il Q (f)), resp. il P (f))/(g-l) il P (f)). In particular, 
in this sense we claim that n F^[SL(n + 1)], resp. F g p [5'L(n + 1)], is an approximation of 
F Q [SL(n + 1)], resp. J^ p [5L(n + 1)]" . 

It is worth stressing that this implies that Theorem 4.1 is a direct consequence of the 
specialization results about J rP [SL(n + l)} and jF°[ 1 S , L(n + l)] proved in [Ga], §7 (Theorem 
7.3); conversely, those results follows from Theorem 4.1: 

Theorem. T Q '[S X(n+1)] and JF p [5'L(?i+1)] specialize to U(\)) as Poisson Hopf coalgebras 
for q — > 1 . TTie same ZioZds /or il Q (f)) andii p (f)) too. 



Proof. To be short let us set ^4 



9=1 



A/(q — 1) A for any fc[g, q 1 ]-algebra. Now, we 



have F q [SL{n + 1)] C T P [SL{n + 1)] C il P (f)) , and the analysis above shows — through 



and together with that in [Ga] — that F p [SL(n + 1)] 



9=1 



it P (f)) 



F q p [SL(n + l)} = F P [SL(n + l)} = il p (f)) 



9=1 



9=1 



9=1 



9=1 



, hence 



the same holds with Q instead of P. Then the claim follows from Theorem 4.1. □ 
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§ 6 Generalization to F q [GL(n + 1)] 

6.1 The quantum matrix-function algebra F q [M(n + 1)]. We introduce the 
quantum matrix-function algebra of order n + 1 (n G N), to be called F q [M(n + 1)], as 
follows. 

By definition, F q [M(n + 1)] is the associative k(q) -algebra with 1 generated by 
{xy | «,j = l,...,n + l} with relations 

%ij%ik — Q^ik^ij ? %ik%hk — Q-^hk^ik V J <C fc, i <C /l 

(<?-<? x ) XijXjfc V i < j,k <l 

(that is, the same of F (J p [SX(n+ 1)] but for the relation "quantum determinant = 1"). This 
is a bialgebra, with co-operations defined by 

n 

A( x ij) = ^2 x ik®Xkj , e(xij) = Sij 
k=l 

From the very definition we get a bialgebra epimorphism 

7T : F q [M(n + 1)] » F q p [SL(n + 1)] , Xij ^ Pij V i,j . 

6.2 The quantum function algebra F q [GL(n + 1)]. The element det q (xij) of 

Fq[M(n + 1)] is group-like and central; thus by localization at det q one can define a new 
algebra, namely F q [M(n + 1)] [<iet : this is now a Hopf algebra, with bialgebra structure 
given by extension of that of F q [M(n + 1)] and antipode defined by 

S(xij) := {-q) 3 ~ l det q ((xwOjJ*-) Vi, J . 

The Hopf algebra F (? [GL(n + 1)] := F 9 [M(n + 1)] [cfei" 1 ] is i/ie quantum function 
algebra of the group GL(n + 1) (cf. [Ta]). It is clear that the bialgebra epimorphism 
7T : F q [M(n + l)]^»F£[SL(ri + l)] extends to 7r : F q [GL(n + 1)] » F g p [SL(n + 1)] , a 

Hopf algebra epimorphism whose kernel is the (Hopf) ideal generated by (det q (xij) — lj. 

The constructions and results in §§2-4 can be easily extended to F q [GL(n + 1)]. It is 
straightforward to check that k [q, -integer forms F p [GL(n + l)] and F ? [GL(n + 1)] of 

F q [GL(n + l)] can be defined mimicking the definitions of F q [SL(n + l)] and F q [SL(n+l)], 
with Xij's instead of p^'s: then one has a presentation of these algebras by generators and 
relations (namely, the same as for F q [SL(n + 1)], resp. F q [SL(n + 1)], but for the rela- 
tion Vn+i = -J2a€S n+1 \{i} (-<l) l{a) (I ~ l) e(<T)_1 (1 + q- x ) e <7 V 1)CT(1) r 2 , <T (2) • • • r n+ha(n+1) , 

resp. Er=i lr i,i r 2,2---r l -i )l -ix l = Eaes„ +1 \{i}(-9) Z(<j) (9-l) e(<j) " 1 (l + 9" 1 ) e(<T) - 
" r i,o-(i) r 2,o-(2) • • ' r n+i,a(n+i) )• The upshot is that the specialization at q = 1 of both 
of these integer forms is a Poisson Hopf coalgebra isomorphic to U(t)'), where ()' is the 
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Lie bialgebra obtained by central extension of f) by an element c (namely, c = Xn+i \ q -\ ) 
such that 

cx — xc = V x e f) (i.e. c is central) 

A(c) = c(g) 1 + 1 <g) c, e(c)=0, 5(c) = -c 



A:=l 



Thus again the quantum function algebra F q [GL{n + 1)] can be seen as a quantum 
enveloping algebra, namely sort of a "U q (()')"• 



§ 7 PBW theorems 

In this section we shall prove some PBW theorems for F q p [SL(n + 1)]: that is, we shall 
exhibit some /c((7)-basis of ordered monomials in the p^'s for this algebra. To begin withs, 
we recall (cf. [Ko], [PW]) that, whenever we fix any total order in the set of generators 
{ Xij | i,j = 1, . . . , n + 1 }, the following PBW- type theorem holds for F q [M(n + 1)]: 

Proposition 7.1. The set of ordered monomials in the generators k(q) -basis 

ofF q [M(n+l)\. □ 

Now we wish to prove a similar result for F^[SL{n + 1)]; to this end we need a "trian- 
gularization argument" , which is now explained. Define 

iV + := /c(g)-subalgebra of F q [M(n + 1)] generated by { x^ | j < n + 2 — i }, 
iVo := /c(g)-subalgebra of F q [M(n + 1)] generated by { Xy | j = n + 2 — i }, 
iV_ := fc(<7)-subalgebra of F q [M(n + 1)] generated by { Xij \ j > n + 2 — i }; 
then we have the following result, whose proof easily follows from definitions and Propo- 
sition 7.1: 

Proposition 7.2. Let any total order in { Xij \ i,j = 1, . . . , n + 1 } be fixed. Then: 

(a) the set of ordered monomials 

{ n 1 ^ v/.,} 

j<n+2— i 

is a k(q)-basis of N + ; the set of ordered monomials 

{lKn +2 -i|^eNVi} 

i 

is a k(q)-basis of Nq ; the set of ordered monomials 

{ n ; "'</ ( ^ V,..,} 

j>n+2-i 

is a k(q)-basis of N- ; 

(b) Nq is a commutative subalgebra of F q [M(n+ 1)]; 
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(c) (Triangular Decomposition) the multiplication in F q [M(n + 1)] gives a k(q)-vector 
space isomorphism 

F q [M(n +1)] = N+® N ® N_ . □ 

We are now ready for the first PBW theorem for F q [SL(n + 1)]. 

Theorem 7.3 (1 st PBW theorem for F q [SL(n + l)]). Let ^ be any fixed total ordering 
of the index set { (i, j) \ i,j = 1, . . . , n } such that d (h, k) ■< (I, m) for all i, j , h, 

k, I, m such that i < n + 1 — j , h = n + 1 — k , I > n + 1 — m . Then the set of ordered 
monomials 



1 771 



N„ e N V s, < ; min{N 1} . . . , JV„ +1 } = 



m '-=\ n 07 n fSt n »l 

I i<n+2-j k=n+2—h l>n+2—m 

is a k(q)-basis of F q [SL(n + 1)] . 

Proof. We prove now that the above set does span F q [S L(n + 1)]; the linear independence 
will be an easy consequence of Theorem 7.4 below. 

Since F q [SL(n + 1)] is a homomorphic image of F q [M(n + 1)], it is clear that the whole 
set (without restriction on the indices N^s) of ordered monomials in the p^ 's does span 
F^[(SX(n. + 1)] over k(q). Now pick up any monomial 

nm):= n 4"- n os- n 

i<n+2— j fc=n+2— i>n+2— m 

such that <i := min{Ni, . . . , -/V n+ i} > ; since the generators ph, n +2-h (h = 1 . . . , n + 1) 
commute with each other, we can single out of the "7r(iVo)-part" (with respect to the tri- 
angular decomposition inherited from that in Proposition 7.2(c)) n := Ylk=n+2-h Phk = 
nit i Ph^n+2-h °f m (N-) a factor pi, n +iP2,n • • • Pn+i,i ) an d we can do it d times. Now 
using the relation detq^pij) —1 = we substitute the factor pi, n +iP2,n • • • Pn+i,i i n m(N) 
with 

(-?)' * ' ~ Yl ( _? ) * ^ ' Ph<r(l)P2,a(2) ■ ■ ■ Pn+l,a(n+l) (7-1) 

aeS n +i\{w } 

where wq is the longest element of S n+ i ; now look at the various summands 
Pi,o-(i)P2,cr(2) • • • Pn+i,a(n+i) ( U P to the proper coefficient) coming in, with a 7^ Wq : when- 
ever we have a(j + 1) < a(j) the commutation rules give 

Pj,<j(j)Pj+l,a(j+l) = Pj + l,cr{j + l)Pj,a(j) ! 

in particular, if j > n + 2 — a(j) and j + 1 < n + 2 — cr(j + 1) we have exactly 
Pj,o-(J)Pj+ 1 > cr U+ 1 ) = Pj+ 1 ,^U+ 1 )Pj,^U) ' ^ f°H° ws that we can factor out the monomial 

Pl,a(l)P2,a(2) • • • Pn+l,a(n+l) &S 

Pi,ct(1)P2,ct(2) ' ' ' Pn+l,a(n+l) = n + ' n ' n - 

with n + G 7r(iV + ), tiq G 7t(Nq), n_ G ir(N_), and deg (n' ) < deg(no) as monomials in 
the Pij's. Therefore at the end we are left with a new expression of m(N_) as a linear 
combination of monomials which, with respect to the triangular decomposition inherited 
from Proposition 7.3(c), have a "7r(iVo)-part" of lower degree; then a simple induction 
argument finishes the proof. □ 
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We conclude with our second PBW theorem: this is the most interesting, because 
it is directly related to the classical PBW theorem attached to the natural triangular 
decomposition of U(t)). 

Theorem 7.4 (2 nd PBW theorem for F£[SL(n+l)]). Let r< be any fixed total ordering 
of the index set { \ i,j = 1, . . . , n } such that d (h, k) ^ (I, m) for all i, j , h, k, 
I, m such that i > j , h = k , I < m . Then the set of ordered monomials 

m:= n 4 ij n n p%r n « g n * ; mi < ^ • • ■ > N n+1 , n+1 > = o 

I i>j h=k l<m 

is a k(q)-basis of F^[SL(n + 1)]. 

Proof. As F q [M(n + 1)] is clearly N^" - " 1 " 1 -* -graded (by the degree in each variable), it is 
also N-graded (by the total degree); hence F q D [SL(n + 1)] inherits a filtration, arising from 
the filtration of F q [M(n + 1)] associated to the N-grading, say 

F C F 1 C F 2 C • • • C F r C • • • C F q p [SL(n + 1)] = (J F r ; 

r=0 

furthermore, we have M = U+^M r , with M r := M C\ F r for all r G N. 

Similarly we have M' = U+^M^ , with M' r := M' n F r for all r G N, where M' is 
the set of ordered monomials defined in Proposition 7.4 above: in particular, M' r spans F r 
over fc(g). Finally the very definitions ensure that 

#(M r ) = #(M;) VrGN. (7.2) 

Now consider the specialization F^[SL(n + 1)] > F[SL(n + 1)] and the corre- 

sponding set M^ 1 ' of "specialized monomials", i.e. the image of M under the epimorphism 
F q °[SL(n + l)]^»Ff[SL(n+ 1)] = F[SL(n+l)} : if we prove that is a linearly inde- 
pendent set (over k), then the same will be true for M (over k(q) ); in particular M r will 
be linearly independent (Vr G N), hence it will be a k(q)-ba,sis of F r (Vr G N), because 
of (7.2), whence finally M will be a k(q)-basis of i^[5'L(n + 1)]. Thus let us prove that 
the set MW is linearly independent over k. 

Assume we have in Ff[SL(n + 1)] = F[SL(n + 1)] a relation 

^ a m -171 = (7.3) 

raeMW 

for some (finitely many) a m G /c\{0}; then (7.3) lifts up to a relation in k [{-Zij}i,j=i,..., n +i] 

^ a m • m(z) = b(z) ■ (det{z tJ ) - l) (7.4) 

raeMW 

for some b(z) G [{%}i,j=i,..., n +i] , the 771(2) 's having the obvious meaning. If b(z) = 0, 
then (7.4) gives a non-trivial algebraic relation among the z^'s, which is impossible; if 
6(z) 7^ , then the right-hand-side of (7.4) involves — with non-zero coefficient — the 
monomial -21,1-22,2 • • • ^n+i.n+i (coming out of det(zij)), while each monomial m(z) in the 
left-hand-side does not contain the factor 21,122,2 ••• 2n+i,n+i > thus again (7.4) yields a 
non-trivial algebraic relation among the Zj/s, which is impossible. The claim follows. □ 
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